Let G be a refinement of a star graph with center c. Let G * c be the subgraph of G induced on the vertex set V (G) \ {c or end vertices adjacent to c}. In this paper, we completely determine the structure of commutative zero-divisor semigroups S whose zero-divisor graph G = Γ (S) and S satisfy one of the following properties: (1) G * c has at least two connected components, (2) G * c is a cycle graph C n of length n ≥ 5, (3) G * c is a path graph P n with n ≥ 6, (4) S is nilpotent and Γ (S) is a finite or an infinite star graph. For any finite or infinite cardinal number n ≥ 2, we prove that for any nilpotent semigroup S with zero element 0, S 4 = 0 if Γ (S) is a star graph K 1,n . We prove that there is exactly one nilpotent semigroup S such that S 3 = 0 and Γ (S) ∼ = K 1,n . For several classes of finite graphs G which are refinements of a star graph, we also obtain formulas to count the number of non-isomorphic corresponding semigroups.
Introduction
Recall that a simple graph G is called a refinement of a connected simple graph H if V (G) In this paper, we adopt the graph-theoretic notations from [5] . For notions and results about commutative semigroups, we use [9] as a basic reference. Throughout this paper, a semigroup S is assumed to be commutative with a zero element 0, where 0S = {0}, and every non-zero element is a zero-divisor.
Recall that the zero-divisor graph of a semigroup S (or of a ring), denoted by Γ (S), is a simple undirected graph. The vertices are the nonzero zero-divisors of S, and there is an edge linking u and v if and only if u = v and uv = 0 (for details, see, e.g., [4, 3, 8, 12, 1, 2, 6, 13] ). In [6, Theorem 3(3) ], it was observed that any refinement of a star graph has a corresponding semigroup. Recently, in a preprint [7, Proposition 3] , it was proved that if in G = Γ (S) there is a cut vertex c ∈ V (G) such that G * c has at least two connected components, then G is a refinement of a star graph with a center c and c (1) The category of semigroups S such that Γ (S) is a star graph. In this case, there is no general restriction on c 2 .
(2) The category of semigroups S such that Γ (S) * c has at least two components, where c is the center of Γ (S). In this case, c 2 ( 3) The category of the semigroups S such that Γ (S) * c = ∅ and Γ (S) * c is connected, where c is a center of Γ (S). In this case, we will show that there is no general restriction on c 2 . If one assumes c 2 = 0, then the induced subgraph Γ (S) * c is itself a zero-divisor graph of some zero-divisor semigroup.
Another fact is that if we use C n (K n , P n , respectively) to denote the cycle graph (respectively, the complete graph, the path graph) with n vertices, then Γ (S) = C n + K 1 (or Γ (S) = P n + K 1 ) implies c 2 = 0, where K 1 = {c} and n ≥ 5, since otherwise C n (respectively, P n ) would have corresponding zero-divisor semigroups for some n ≥ 5. This fact follows immediately from [7, Theorem 1] . It also follows from [6, Theorem 1] together with Lemma 2.11 of this paper.
In this paper, we study the correspondence between commutative semigroups and refinements of star graphs. We focus our attention on the above mentioned c 2 = 0 case. We completely determine the above mentioned second subcategory, and we completely determine the correspondence between the category of semigroups and the category of refinements G of star graphs, such that G * c has more than one connected component. We also study properties of semigroups S whose graph Γ (S) is a refinement of a star graph, such that G * c is connected. Among our main results, three classes of graphs are shown to have the property that their corresponding semigroups S have the property that S 3 = 0, S 2 = 0. Another important class of graphs, the star graphs K 1,n in the first subcategory, is shown to have the following two properties: first, S 4 = 0 if S is nilpotent and Γ (S) ∼ = K 1,n . Second, for any finite or infinite cardinal number n ≥ 2, K 1,n has (up to isomorphism) exactly one nilpotent semigroup S such that S 3 = 0. With the aid of these structural results, we are also able to give counting formulas in several finite cases. Now we record two general facts about a commutative semigroup with zero element (which need not to be a zero-divisor semigroup) whose graph is a refinement of a star graph. The following result is a semigroup version of [3, 
Refinements of star graphs with a unique center
For later convenience, we first introduce a new concept. Let S 1 be any nonempty set with a commutative binary operation.
If there is an element 0 ∈ S 1 such that 0S 1 = {0} and each nonzero element of S 1 is a zero-divisor, then we call S 1 a prezd-semigroup. Associative pre-zd-semigroups are exactly the commutative zero-divisor semigroups. In a way similar to the semigroup case, a pre-zd-semigroup S 1 can be equipped with a zero-divisor graph Γ (S 1 ).
We begin by constructing all zero-divisor semigroups, whose graph G is a refinement of a star graph with a unique center c, such that G * c has more than one component, and there is no end vertex in G. 
Then S is obviously a commutative semigroup, and Γ (S) is a refinement of a star graph which has all elements of C as its centers.
Recall that a friendship graph (or a fan graph) is a graph like ( I K 2 ) + K 1 . In the following, we denote this graph by F |I| . For example, Fig. 1 is a friendship graph with |I| = 3: v ∈ V , u ∈ U and t ∈ T , consider in Fig. 2 
Then S is a semigroup if and only if S

a subgraph of G:
By [6, Theorem 4] , S \ T is an ideal of S. Thus uv = c, c
where N(u) stands for the neighbors of u and In the following, we study the varied behavior of commutative zero-divisor semigroups S whose graph Γ (S) is a refinement of a star graph with a unique center c, such that either G * c is connected or G * c is empty (i.e., Γ (S) is a star graph). In this case, one could not expect general results like Corollary 2.4, as will be illustrated by the following results and examples.
We begin with the wheel graphs C n + {c} together with end vertices adjacent to the center. In this case, c 2 = 0. Proof. We only need prove the only if part. Assume S is a semigroup. For any nonadjacent vertices x, y ∈ C n , if x − z − y for some z ∈ C n , then there is a path u − x − z − y − v in C n . In this case, xy ∈ ann(z) ∩ ann(u) ∩ ann(v). Thus xy = c. In the other case, n ≥ 6 and C n looks like the following
In this case, xy ∈ ann(x 1 ) ∩ ann(y 1
, then take any vertex u ∈ V (C n ) which is not adjacent to x, and one obtains
, c} for all vertices x in C n . Now assume T = ∅. For any t 1 , t 2 ∈ T and any x ∈ C n , since (t 1 x)y = t 1 c = 0 holds for any y ∈ C n , we have t 1 x = c. In a similar way, one checks that a i a j ∈ {0, c}, ∀1 ≤ i, j ≤ 6. Finally, since the verification of TS ⊆ {0, c} is similar to the corresponding part in the proof of Theorem 2.5, we omit the details here.
Example 2.7. For n ≤ 5, the conclusion in Theorem 2.6 does not hold. In fact, let S = {0, c, a i | i = 1, 2, . . . , 5} and define a commutative binary operation in S by 0S = 0, cS = 0 and Table 1 . Then it is routine to check that S is a semigroup such that Γ (S) = P 5 + K 1 . Notice that S 2 = {0, c, a 3 } and there exist in S both nilpotent elements and idempotent elements. Also, let
Example 2.8. For the wheel graphs G = C n + K 1 with n ≤ 4, the result in Theorem 2.5 does not hold. In fact, let S = {0, c, a 1 , a 2 , a 3 , a 4 } and define a partial order ≤ in S such that 0 is the least element of S and a 1 ≤ a 3 , a 2 ≤ a 4 . Then (S, ∧) is a semilattice with wheel graph C 4 + K 1 = W 1,4 . On the other hand, it is trivial to construct semigroups S such that Γ (S) = G and S 
Then S is a commutative zero-divisor semigroup and Γ (S) is a refinement of a star graph. Also, Γ (S) has a unique center c and an end vertex t adjacent to c. G * c = Γ (S 1 ) whenever Γ (S 1 ) is connected. Notice that there exist idempotent elements in S. Furthermore, if we take S 1 such that Γ (S 1 ) = C n + K 1 with n ≥ 5, then S Then (S, ∧) is a semilattice. Take some c ∈ S and trivially add c to S to obtain a larger semilattice S 1 . On the other hand, if we extend the multiplication in S to S 1 by defining cS = Sc = 0, then S 1 is also a semigroup with c Table 2 , we list the multiplication table of S for the reader's convenience.
Remark. The construction in Example 2.10 can be easily extended to any n ≥ 5 to obtain many semilattices S with the property that Γ (S 1 ) is a refinement of a star graph with n + 1 vertices such that G = Γ (S 1 ) has a unique center, but has no end vertex. = 0, and G = Γ (S) is a refinement of a star graph with a unique center. In fact, this graph is formed by towers of star graphs each of which has a unique center. Consider the case for an odd number n, e.g., n = 7. Let
Then each G i is a star graph with a unique center c i , and each G i has exactly one end vertex x i adjacent to its center c i . For an odd n, the first layer of the star graph G is K 1,1 . For an even number n, the first layer of the star graph G is K 1,2 . For such kinds of refinements of a star graph formed by towers of the star graphs, we will show for an even number n that with mild additional condition, the structure of S is completely determined by the structure on the vertices of the first layer of the star sub-graph. For this purpose, we first observe the following fact: 
Proof. (1) First, if we define a partial order in S such that
then S is a semilattice with Γ (S) = G.
(2) Conversely, assume in the semigroup S that
First, consider t 1 c 2 which lies in ann(t 2 ) ⊆ {0, c 1 , c 2 , t 2 }. Since c Obviously t 1 t 2 = t 1 , c 1 , c 2 . We conclude that t 1 t 2 = t r , c r for all r ≥ 3. In fact, if t 1 t 2 = t 3 , then 0 = t 3 c 3 = (t 1 t 2 )c 3 = t 2 (t 1 c 3 ) = t 2 c 3 = 0, a contradiction. If t 1 t 2 = c 3 , then t 1 t 2 t 3 = 0, and hence t 3 t 2 = c 1 . Then c 2 1 = 0, another contradiction. Therefore we must have t 1 t 2 = t 2 . In a similar manner, we also deduce that t 1 t r = t r for all r ≥ 3. In conclusion, we already have c By Lemma 2.11, V (G *
∪ {0} the above discussions to prove the following equality
Continue this process until we come to the ideal S n = {0, t n , c n }. By assumption, t n c n = 0, t 2 n = 0 and c 2 n = 0. In this case, it is easy to see that a 2 n = a n , c 2 n = c n . This shows that S is a semilattice and S has a unique associative multiplication such
This is exactly the semilattice constructed in (1). Finally, it is obvious that each S r is an ideal of S.
Despite the example proceeding Lemma 2.11, we have the following remarkable result: 
(**) (2.2) We can now easily prove the existence of such semigroups, since it is routine to verify that the multiplication defined in S = S(n) by (**) is associative, where n ≥ 3. Actually, one only need verify the n = 2, 3, 4 cases since the n ≥ 5 cases are trivial extension of the n = 4 case. For n = 2, let S = S(2) = {0, c, a, d}, and define in S a commutative multiplication by d This completes the proof.
Counting semigroups
Let f (n) be the number of the partitions n = n 1 + n 2 + n 3 of the integer n, where n i ≥ 0. For n ≥ 1, it is easy to see that
Proof. Assume T = {t 1 , . . . , t r }, C n = {a 1 , a 2 , . . . , a n }. By Theorem 2.5, the structure of S = V (G) is completely determined by two vectors (t For example, Consider the group generated by the reflection σ = (1, n)(2, n − 1) . . . , and consider the natural operation of this group on F . Then the number of orbits is the number of mutually non-isomorphic zero-divisor semigroups S with Γ (S) ∼ = G. Again by the Pólya Enumeration Theorem, the number is g(n), as is shown in the theorem. (1) For a class C of semigroups (rings) with property (P), which class G of graphs has the property that each G ∈ G has a unique S ∈ C such that Γ (S) ∼ = G?
Obviously, Proposition 2.12 and Theorem 2.13(2) provide answers to this general question. In [16, Theorem 1] , the authors proved that the complete graph K n , together with two end vertices (each links to a distinct vertex) has a unique zero-divisor semigroup for all n ≥ 4. It also has been proved by the authors in [11, Theorem 4.2, Corollary 4.3] that Γ (R) has a unique zero-divisor semigroup and a unique commutative ring, for each Boolean ring R with |R| ≥ 3 (also see [10, Theorem 4.1] for the ring case). In [14, Proposition 3.1], the author proved that for any noncommutative ring R (here R need not have an identity element), if the directed zero-divisor graph Γ (R) has both a sink vertex and a source vertex, then R is unique up to isomorphism. [15, Example 2.6] also provides a positive answer to this question. = 0 for all semigroups S ∈ C with Γ (S) ∼ = G ∈ G (n = 3, 4, 5, . . .).
(3) Determine the structure of the semigroups in (2) and find the counting formula whenever possible.
